Bound entanglement and continuous variables by Horodecki, P & Lewenstein, M
Bound entanglement and continuous variables
Pawe l Horodecki1;2; and Maciej Lewenstein2;
1 Faculty of Applied Physics and Mathematics, Technical University of Gdansk, 80{952 Gdansk, Poland
2 Institut fu¨r Theoretische Physik, Universita¨t Hannover, D-30167 Hannover, Germany
We introduce the denition of generic bound entangle-
ment for the case of continuous variables. We provide some
examples of bound entangled states for that case, and discuss
their physical sense in the context of quantum optics. We
rise the question of whether the entanglement of these states
is generic. As a byproduct we obtain a new many parameter
family of bound entangled states with positive partial trans-
pose. We also point out that the \entanglement witnesses"
and positive maps revealing the corresponding bound entan-
glement can be easily deduced.
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Entanglement is a fascinating property of quantum
states evoking fundamental [1,2], as well as practical
questions. In the context of information theory, it has
been proved to be useful in quantum cryptography [3],
quantum dense coding [4], quantum teleportation [5] and
quantum computation. The idea of distillation of noisy
entanglement shared by Alice and Bob between distant
laboratories has been introduced [6] to make noisy en-
tanglement useful in spite of the noise coming from in-
teraction with environment. The distillation problem,
i.e. the question which states are distillable, has a sim-
ple solution for low dimensional quantum systems: two
spin- 12 particles, ot spin-1 plus spin-
1
2 systems [7]. In
those cases any noisy entanglement can be distilled to
maximally entangled form, for larger spins the existence
bound entanglement (BE) i. e. entanglement which is
not distillable has been revealed [8]. BE represents the
result of nontrivial irreversible process in which entan-
glement is conned to the physical system. It was shown
that there is connection of BE with other very interest-
ing quantum phenomena, called nonlocality withought
entanglement [9] (see [10] for discussion).
It is not trivial to provide examples of states which
are BE. It has been shown [8] that any state which is
entangled and at the same time satises positive par-
tial transpose (PPT) condition [11] is bound entangled.
The existence of PPT entangled states was discussed in
[13] and the rst explicite examples were provided in
[14]. The rst systematic procedure of constructing such
states, employing nonextendible product basis was pro-
vided in Refs. [15]. On the mathematical ground how-
ever, the rst example of matrices which can be treated
as prototypes of PPT entangled states were provided by
Choi already in Ref. [16], as a result of analysis of cones
of positive matrices. Here, we shall use the generalised
structure of the Choi matrix to provide the rst examples
of PPT entangled states for continuous variables.
Let us recall that the PPT separability condition [11],
applied to a density matrix % requires that the partial
transposed martix %TB constructed from original one is
still the legitimite state. The matrix %TB associated with
an arbitrary product orthonormal ji; ji basis is dened
in this basis as:
%TBm;n  hm;j%TB jn; i = %m;n: (1)
It has been pointed out that for any separable state %,
the partial transpose %TB has to be also a state [11], i.e.
has to be positively denite.
This statement is valid also for the cases when the state
is dened on innite dimensional Hilbert space [12].
Although the existence of BE states for nite dimen-
sions has been proved, it has not been known so far
whether nontrivial examples for the latter exist in the
ininite dimensional case. In fact, main investigations of
entanglement in the continuous variables area were per-
formed for pure states resulting in nonlocality eects [18],
new versions of teleportation [19], quantum computation
[20], quantum error correction [21] and quantum dense
coding [22]. For mixed states, however, there were so
far only analysis of PPT condition in situations, where
it provides necessary and sucient condition of separa-
bility, like it happens in the low spin systems [13]. In
particular, it has been shown for continuous variables
that this is the case for Gaussian states [23,24].
In this paper we discuss bound entanglement for con-
tinuous variables. We dene the requirement any generic
bound entangled state must satisfy in that case. We
provide the rst examples of nontrivial PPT entangled
states, ergo BE states for continuous variables. We rise
the question how generic they are, and discuss also the
problem of physical realization of such states.
Of course, one can simply construct a trivial example.
Consider, say 3 ⊗ 3 BE state , and the innitely di-
mensional Hilbert space H. Let us dene innitely many
\copies" of  labeled by n, each of which has the martix
elements of the original , but in basis Sn = fji; jig3n+3i;j=3n.
Let fpig1i=1 be a innite sequence of nonzero probabili-
ties,
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is bound entangled, but it has a trivial form from the
continuous variables point of view. Actually, it can be re-
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produced with arbitrary accuracy performing local trans-
formations on states which are of the 3 ⊗ 3 type. More-
over, they can be produced in a reversible way. This
follows from the fact that the states n and n0 are lo-
cally orthogonal [17]. It means that Alice and Bob can
use only local quantum actions and classical communi-
cation (LQCC) to distinguish between them. This can
be done in a reversible way as both experimentalists can
forget the results of measurements. In eect, there is no
entaglement between states belonging to sets of Alice’s
vectors jii3n+3i;j=3n and Bob ones jii3n
0+3
i;j=3n0 for n 6= n0.
Thus, in the case of the states (2) we deal eectively
with 3⊗3 type entanglement only. What does that mean
from the formal, and more rigorous point of view? One
should ask rst what does that mean that a state repre-
sents a generic N ⊗ N type entanglement. The answer
to this question can be obtained immediately using the
recently introduced denition of Schmidt rank [25] for
mixed states. Let us recall the denition:
Denition.- Bipartite density matrix % has Schmidt
rank K i (i) for any decomposition of , fpi  0; j iig
with  =
P
i pij iih ij at least one of vectors j ii has
Schmidt rank at least K, and (ii) there exists a decom-
position of % with all vectors fj iig of Schmidt rank at
most K.
Thus it is natural from the physical point of view to say
that the state represents generic rank K entanglement i
it has Schmidt rank K. We introduce therefore:
Denition .- A state % represents generic continuous
variables or innite Schmidt rank entanglement i it is
the limit of states %n of Schmidt rankKn, with limnKn =
1.
In the following we shall focus on the question of
existence of generic continuous variables entanglement,
which would be at the same time bound entaglement, i.e.
entanglemet which cannot be distilled. We will construct
PPT states for continuous variables and argue that they
represent generic innite Schmidt rank entanglement.




anjn; ni; jjΨjj2 =
1X
n=1
a2n = q <1; (3)
and the family of states
jΨmni = cmanjn;mi+ (cm)−1amjm;ni;
n = 1; 2; :::;m > n; 0 < cn+1 < cn < 1: (4)





nite. This can be achieved for example by setting
an = an, cn = cn for some 0 < a < c < 1. The sum
is given then by a4c4(1 − c2)−1(1 − a2c2)−1 + a6(c2 −











with the normalizing factor






represents a legitimite quantum state in the space l2(C)⊗
l2(C), where l2(C) is the space of all complex sequencies
fzng,
P1
n=1 jznj2 <1. It can be seen by inspection that
the above state has PPT property. It follows immediately
that pure state entanglement cannot be distilled from (5).
For this aim simple arguments from the Ref. [8] can be
recalled, and applied to the separable superoperators in
innitely dimensional space.
Subsequently we shall show that the above states are
entangled, and, as PPT states represent bound entangle-
ment, the entanglement of the states is bound. To this
aim we shall prove that the state (5) has the following
property:
Property.- Any local measurement of state %
%! %0 = P ⊗Q%P ⊗Q
Tr(P ⊗Q%P ⊗Q) (6)
by means of P , Q projecting onto the space
spanfjn1i; :::; jnKig on Alice and Bob’s sides respectively
results in generic K⊗K bound entangled state %0. From
the above property it follows immediately that % is a
bound entangled state.
Proof.- Let us rst prove that for any K the state
%0 is a K ⊗ K BE state. To this aim we observe that
after local lter operation corresponding to the operator
V = diag[a−1n1 ; :::; a
−1
nK ] on the Alice side, and a suitable
unitary transformation U1⊗U2 (that transforms jnmi !
jmi on both Alice and Bob’s sides), the state becomes







with ji = PKn=1 jn; ni, and jmni = mjn;mi +
m
−1jm;ni. Subsequently, we shall use the general def-
inition of  as well, but after the above mentioned lo-
cal actions the state is proportional to the matrix with
parameters m = cnm . It means in particular that
0 < i+1 < i < 1. We shall prove now that  does
not have any product vector in its range, ergo that, if
normalised,  is an entangled state. That will mean,
however, also that the state %0 is bound entangled, since
the local ltering and the local unitary operations are
reversible with nonzero probability.
Suppose that there was a product state in the range
of the matrix (7). Then, there would exist some g, gij ,






gij jiji = j ; i; (8)
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for some nonzero product vector j ; i. Suppose rst
that we would have g 6= 0 in (8). Then, we could set
g = 1, and the following constraints would immediately
follow from (8):
 = [x1; :::; xK ];
 = [(x1)−1; :::; (xK)−1] (9)
for some numbers fxig which are all nonzero. Substitut-











for i = 1; :::;K; j > i: (10)
Thus we have 2j = (
xi
xj
)2 for every i = 1; :::;K−1; j > i.
We can, however, put x1 = 1, and then we get that all
x2i ’s are equal, and that
2j = 1; for j = 2; :::;K − 1: (11)
This is in contradiction with the condition 0 < i+1 <
i < 1 fullled by .
Consider now the case when g = 0 holds in equation
(8). That would mean, keeping the same notation for  ,
i.e. j i = [x1; :::; xK ] that we could have ji = [y1; :::; yK ]
with yi 6= 0 i xi = 0. But, if we examine the equation
(8) under those conditions we get immediately that all
gij parameters must vanish, so that the whole LHS of
the equation becomes then equal to zero. It means that
there is no product vector in the range of the matrix .
Following previous discussion it is not dicuilt to see that
the same holds for states %0, which are thus (by virtue of
the range criterion of Ref. [14]) entangled. Collecting all
the above observations, we see that the Property of the
original matrix % holds. 2
It is unfortunately not easy to see that the latter rep-
resents the generic rank K entanglement. In fact it con-
taines in the mixture the pure state of Schmidt rank K
which cannot be distinguished from the rest content of
the mixture in a reversible manner, since its reduced den-
sity matrix has full rank K (let us recall that all param-
eters ai are nonzero).
Finite dimensional bound entangled states .- It is re-
markable that as a byproduct we have obtained here a
new family of K⊗K bound entangled states for an arbi-
traryK. These are the states  = Tr() , with  violating
one (or more) of the K − 2 conditions (11). In this nota-
tion we recall the Choi matrix as a special case of  with
K = 3, and all ’s equal to 2 (see [16]).
The corresponding \entanglement witnesses" and pos-
itive maps .- It should be pointed out that any BE state
from the last paragraph (i. e. Tr violating condition
(11)) has no product vector in its range. Thus the pro-
jector P onto its range has no product vector in its range
as well. This is the same as in the projector orthogonal
to UPB set of vectors [15], and thus mutatis mutandis
the approach from the paper [26] can be immediately ap-
plied to reproduce both entanglement witnesses, as well
as the corresponding positive maps.
Possibility of physical realisation.- Let us now discuss a
possibility of physical realization of the states of the type
of %, as states of two photon modes of electromagnetic
eld of equal frequency, but orthogonal polarisations..
Let us set an = e−n, cn = e−γn, γ < , and let us de-
note the corresponding photon creation and annihilation
operators of the two modes considered as Ay, A, By, B,






%k = V (ByB −AyA− k)V y (13)
where V = e−A
yA−γByB + Ue−(−γ)B
yB, U is the uni-
tary operator that traforms A photons into B photons,
while the operator function (:) is the operator valued
Kronecker delta, (x) = 0, except for x = 0, when
(x) = 1. We will now discuss the possibilities of gen-
erating states corresponding to the subsequent terms in
the mixture (12).
 The state jΨi  exp(−γByB)j0; 0i can be can be
created as a two mode squeezed state, for instance
in the process of degenerate parametric amplica-
tion [18,22]. In fact, this kind of states have been
used for the teleportation schemes with continuous
variables [22].
 Each of the terms k can be obtained by apply-
ing the positive operator valued map to the states
k = (ByB−AyA−k), that transforms (with some
probability)
(ByB −AyA− k) ! V (ByB −AyA− k)V y
.
 The operator V can be realised by splitting co-
herently the photon beam, applying corresponding
(dierent) thermal noise to the two splitted beams,
applying then the unitary operator U to one of the
beams, and nally combining them together. The
unitary operator U is easily realised using linear
optics for equal frequency photons with dierent
polarizations.
 The main problem seems to consist thus in gener-






jn; n+ kihn; n+ kj:
3
These states cannot be normalized, but that does
not pose a problem since we can always regularize
them by including part of the thermal noise oper-
ators into the denition of k. The main question
is how to realize, at least in an approximate way,
the Kronecker delta. We propose to send the pho-
ton eld through an apropriately designed array of
nonlinear phase shifters such that
{ (i) each phase shifter acting on jn;mi state
produces a shift i = xi(n − m − k), where
the rst two terms in i represent Kerr eect
of A and B photons respectively. Kerr eect
should be here of the opposite sign for the two
modes in question, but of the same magnitude.
The last term in i represents normal linear
phase shift.
{ (ii) the probability amplitude of passing the
i-th shifter should be (xi). Note that in such
case, the action of the phase shifter on the





so that designing (xi) to be a broad, for in-
stance Gaussian function would indeed project
jn;mi ! K(n −m − k)jn; n + ki, where K
is the nite bandwidth approximation of the
Kronecker delta.
Finally, let us ask the question concerning the charac-
ter of the entanglement rank of the states (5). Certainly,
they do not consist of locally orthogonal represetation of
nite Schmidt rank entanglement. This can bee easily
seen from the fact that local orthogonality is a stronger
property than orthogonality in case of pure states vec-
tors. If the above statement about local orthogonality
was true, then it would follow that eigenvectors of %
would be locally orthogonal, and of nite Schmidt rank,
which is obviously not true, since one of the eigenvectors
of % is of innite Schmidt rank. Nevertheless, we have
not been able so far to show that the Schmidt rank of
the proposed states is innite. It is, however, quite likely
that either these states, or some modication of them
posseses that property.
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